We have recently shown that the baryonic Tully-Fisher and Faber-Jackson relations imply that the gravitational "constant" G in the force law varies with acceleration a as G ∝ 1/a and vice versa. These results prompt us to reconsider every facet of Newtonian dynamics. Here we show that the integral form of Gauss's law in spherical symmetry remains valid in G(a) gravity, but the differential form depends on the precise distribution of G(a)M (r), where r is the distance from the origin and M (r) is the mass distribution. We derive the differential form of Gauss's law in spherical symmetry, thus the source for Poisson's equation as well. Modified Newtonian dynamics (MOND) and weak-field Weyl gravity are asymptotic limits of G(a) gravity at low and high accelerations, respectively. In these limits, we derive telling approximations to the source in spherical symmetry. It turns out that the source has a strong dependence on surface density M/r 2 everywhere in a-space except in the deep Newton-Weyl regime of very high accelerations.
INTRODUCTION
In Christodoulou & Kazanas (2018a,b) , we showed that in the regime in which the observed baryonic Tully-Fisher (Tully & Fisher 1977; McGaugh et al. 2000; McGaugh 2012) and Faber-Jackson (Faber & Jackson 1976; Sanders 2009; den Heijer et al. 2015) relations are valid, the gravitational "constant" G should vary with acceleration a in the force law. Such a varying G(a) function can naturally account for the non-Newtonian force postulated in Modified Newtonian Dynamics (MOND) (Milgrom 1983a (Milgrom ,b,c, 2015a (Milgrom ,b, 2016 , as well as for additional terms that appear only in weak-field Weyl gravity (Mannheim & Kazanas 1989 , 1994 .
Weak Weyl gravity (WG) and MOND are asymptotic limits in varying G gravity and, as such, they do not have the benefit of relying on a fundamental principle such as the precise variation of G(a) at all acceleration regimes. For this reason, the asymptotic cases face difficulties in both deciphering the origin of their equations and identifying the embedded universal constants. In particular, the gravitational constant G0 does not appear in the metric of WG (Mannheim & Kazanas 1989 , 1994 ) and a mysterious scaleinvariant constant G0a0 appears in MOND, where there is also no unique Poisson equation and speculations abound (Famey & McGaugh 2012; Milgrom 2015c ). Here G0 is the Newtonian constant value of G and a0 is a transitional constant acceleration below which gravity is decidedly nonNewtonian.
The empirical freedoms of assigning constants by inspection and writing down various Poisson equations do not permit the above asymptotic cases to mature and develop into complete theories of gravity, whereas G(a) gravity is much more constrained and enjoys no such freedoms. In this work, we study the details of the spherically symmetric G(a) gravity. We show that the modified force law a = G(a)M (r)/r 2 , where M is mass and r is distance from the origin, implies that the integral form of Gauss's law remains valid, but the differential form of the law needs to be modified. Specifically, the divergence of the gravitational field and the Laplacian of Poisson's equation require a brand new source which does not depend exclusively on the gradient dM (r)/dr or, equivalently, on the volume density ρ(r) of the mass distribution. By and large, the source depends on the surface density σ ≡ M (r)/r 2 and this fundamental dependence does not go away even in the simplest case of a mere point-mass M = constant. The important role that σ plays in the dynamics of astrophysical objects has been recognized previously, both empirically in MOND (where the constant a0/G0 has dimensions of surface density) and observationally by looking at all scales in the universe (e.g., 1981; Kazanas 1995; Milgrom 2016) . But no explanation could be offered until now. As we show in this work, the dominant contribution of the surface density that cannot be removed from the equations is independent of the mass distribution and a manifestation of G(a) gravity with G(a) = G0 + G0a0/a. This is a "bare minimum" formula adopted because it behaves correctly in the two asymprotic cases a ≫ a0 (WG) and a ≪ a0 (MOND) and, unlike MOND's interpolating functions, it does not introduce any additional spurious forces in the regime of intermediate accelerations (Christodoulou & Kazanas 2018a,b) .
In § 2, we discuss the details of Gauss's law and we derive the source term for Poisson's equation in the general case ( § 2.4) as well as in the special cases with M = constant and ρ = constant ( § 2.5), and σ = constant ( § 2.6). In § 3, we derive the asymptotic limits of the new source term for a ≫ a0 (Newton-Weyl) and a ≪ a0 (MOND). In § 4, we summarize and discuss our results.
THE SOURCE IN GAUSS'S LAW WITH VARYING G IN SPHERICAL SYMMETRY

The Functions a(s) and G(s)
For all accelerations irrespective of magnitude a, the function G(a) is constrained by the asymptotic cases to take the specific form
where G0 = 6.674 × 10 −11 m 3 kg −1 s −2 is the Newtonian gravitational constant and
is a new characteristic constant with dimensions [v] 4 /[M ] that naturally appears in the deep MOND limit as well (Milgrom 2015c) .
Force balance has produced the following expression for the acceleration a (McGaugh et al. 2016; Lelli et al. 2017; Christodoulou & Kazanas 2018a ):
where the Newtonian acceleration aN is defined by
A casual look at these equations reveals that a is a function of radial distance r. This casual observation has hindered progress in the field. A closer look shows that a and aN are both functions of the surface density σ ≡ M (r)/r 2 , a neglected property that is not clearly visible in MOND either, despite the fact that MOND detects a new characteristic surface density of the form σ0 = a0/G0. By defining the dimensionless surface-density parameter s ≡ σ/σ0, we rewrite eq. (2) in the form
and eq. (1) in the form
It is now evident that the surface density s ∝ M (r)/r 2 , not the mass M (r) or the radius r individually, is in complete control of the dynamics in spherical symmetry. Not only does s specify how the acceleration should vary, but it also controls the variation of G(s) itself.
1 This is a brand new revelation and it allows us to proceed and study additional fundamental principles in varying G gravity such as Gauss's law and Poisson's equation.
In what follows, we will also make use of the auxiliary equations
where σ0 ≡ a0/G0 = 1.8 kg m −2 = 860 M⊙ pc −2 (in contemporary parlance, a0/(2πG0) = 137 M⊙ pc −2 ; see, e.g., Donato et al. 2009 ), and
that are derived from the above s-dependent equations.
Integral Form of Gauss's Law
The integral form of Gauss's law
is valid in G(a) gravity for a spherical Gaussian surface S of radius r. Eq. (8) is equivalent to the force law shown in eq. (2), that is a = G(a)M (r)/r 2 .
Differential Form of Gauss's Law
The differential form of Gauss's law is derived from eq. (8) and the divergence theorem; it takes the form
where V is a spherical volume of radius r. Since G(a) varies implicitly with radius r, the right-hand side cannot be trivially written as a volume integral. We rewrite eq. (9) as
where the source function Q(r) is to be determined from the equation
Then, the differential form (10) of Gauss's law can be written as
instead of the familiar form ∇ · a = 4πG0ρ. We note that, in spherical symmetry, eq. (12) is equivalent to eq. (11).
The function Q also serves as the source in Poisson's 1 Furthermore, in the critical case s = 1, both a/a 0 and G/G 0 are exactly equal to the golden ratio ϕ = (1 + √ 5)/2 ≈ 1.618. It is interesting that this ratio that does appear in classical Newtonian dynamics (Christodoulou 2017; Christodoulou & Kazanas 2017) is not absent from G(a) gravity either. equation: using the definition a ≡ −∇Φ for the gradient of the gravitational potential Φ, eq. (12) takes the form
This form of Poisson's equation, with Q given by eq. (11), is unique and binding in G(a) gravity. No modifications are allowed such as those that were proposed in the context of MOND (various versions of MOND are free to modify the inertial mass in the Newtonian force law, or the Poisson equation itself, or both). On the other hand, G(a) gravity assumes that G varies in space and then, there is no more freedom in toying with the intertial mass or choosing conveniently the forms of forces and potentials. Thus, G(a) gravity is a more restrained modified gravity case than MOND and it just happens that the MOND force law appears as an asymptotic limit for very low accelerations and surface densities. In G(a) gravity, we simply cannot allow for such freedoms in the force law or in Poisson's equation; eq. (11) provides a strong constraint in the spherical case.
The Source Function Q(r)
The source function Q(r) is determined from eq. (11). In special cases in which the force law is known, eq. (12) can also be used to determine Q. This serves as an independent check of the derivations that follow and we have confirmed the agreement between results for the special cases with M = constant, ρ = constant, and σ = constant. Expanding the right-hand side of eq. (11), we find that
Substituting eqs. (6) and (7) in the last equation above and grouping together all terms that depend on dM/dr, we find that
The Newtonian dependence of the source on dM/dr ∝ ρ(r) is still present, but the gradient of the mass distribution is now coupled to the surface density s. In particular, the term in parentheses is proportional to the gradient da/ds, a surprising new dependence that does not occur in Newtonian theory. Furthermore, the first term on the right-hand side is independent of mass and it does not drop out in any special case. This Weyl-like term is contributed by dG/dr itself, irrespective of the underlying distribution of mass or any other factors. Finally, the constants a0 and G0 appear to be decoupled, but this is temporary and due to the units used in this equation. (Written in this convenient form, Q has dimension of [T ] −2 .) In eq. (14), we see a dependence of the source term on the mass gradient dM/dr. This type of dependence is not new. Extensions of Horndeski scalar-tensor relativistic theory (e.g., Kobayashi et al. 2015 ) also predict a dependence of Poisson's equation on derivatives of the mass distribution. This dependence can actually be used to differentiate between various competing theories of modified gravity. This conclusion is unexpected, it shows a way to examine competing modifications of gravity in the weak field limit and choose the one that fits spherical systems best.
Eq. (14) can be written in an alternative form with consistent units in both terms on the right-hand side as follows: We replace mass from the definition M = σr 2 ; its gradient
and Q(r) then becomes
(16) We note that we cannot scale r in this equation by some characteristic length because the length scale depends on the distribution of mass that has to be specified first. This is done in the special cases that follow and it leads to different length scales depending on the adopted M (r).
Special Cases
(a) P oint-mass M = constant. In the case of a point-mass, the surface density reduces to s = 1/x 2 , where x ≡ r/rM and the characteristic length scale is rM = G0M/a0. Since dM/dr = 0 for r = 0, the mass M only sets the length scale and it does not affect Q otherwise. With these equations, eq. (14) reduces to
The same result can be obtained directly from eq. (12) by substituting eqs. (4) and (6) with dM/dr = 0.
(b) Density ρ = constant. For an extended spherical mass distribution, its gradient in eq. (16) reduces to
and ρ(r) is responsible for setting the length scale L of the distribution. For a uniform distribution ρ = ρ0 = constant, and then L is found to be
Then, s = r/L and eq. (16) reduces to
The same result can be obtained directly by substituting eq. (4) and r/L = s into eq. (12). In the deep Newtonian limit, s → ∞, the fraction in the parentheses approaches 1 and the familiar Poisson's equation, ∇ 2 Φ = −4πG0ρ0, is obtained from eqs (20) and (13).
The Case of Constant Surface Density
In the case of constant surface density (σ = const., s = const.), Poisson's equation can be solved exactly for all accelerations, both in the pure Newtonian case and in G(a) gravity. In both cases, the acceleration is constant and the gravitational potential is precisely the same. This means that a spherically symmetric mass distribution with M/r 2 = constant is oblivious to the variation of G(a) described by eq. (1).
(a) P ure N ewtonian Case (G ≡ G0): For σ = M (r)/r 2 = constant, the Newtonian acceleration takes the form
where s ≡ σ/σ0 and σ0 ≡ a0/G0. Next we write aN ≡ dΦ/dr, where Φ(r) is the gravitational potential defined without the negative sign so that a > 0, and then we find by integration that Φ(r) = a0 s r = aN r ,
thus the potential Φ(r) is linear in r and the constant aN serves as the slope.
(b) G(a) Gravity: For σ = M (r)/r 2 = constant, the G(a) acceleration takes the form
which implies that a = constant in this case as well. Then, combining eq. (13) (without the negative sign so that a > 0) with eq. (14), we obtain Poisson's equation in spherical symmetry, viz.
where the functions f (s) and g(s) are defined in § 3 below. Integrating twice and using the boundary conditions that (i) Φ(0) = 0 and (ii) dΦ/dr remains finite at the origin, we find that
where a is given by eq. (4) above and a = constant since s = constant. In this case as well, the potential Φ(r) is linear in r and the constant a serves as the slope.
ASYMPTOTIC FORMS
The s → 0 and s → ∞ limits
Eqs. (14) and (16) contain two functions that depend on the dimensionless surface density s, namely
and
Their series expansions are as follows: In the deep MOND limit, s → 0,
Thus, g ≫ f in the MOND regime and the Weyl-like term f (s) is negligible. In the Newtonian limit, s → ∞, 
Thus, f ≈ 1 and g ≈ 2 in the deep Newtonian limit.
Zeroth-order Approximations
The zeroth-order approximations for Q can be obtained from eq. (14) and the above expansions: In the deep MOND limit, s → 0, we find that
and in the Newtonian limit, s → ∞, we find that
These equations delineate the (dis)appearance (and, in some cases, the dominance) of the surface density s in G(a) gravity: s disappears in the deep Newton-Weyl limit and then, the source Q(r) is determined by the gradient dM/dr and the Weyl-like term 2a0/r (eq. (33)). On the other hand, s does not drop out in the deep MOND limit; in fact, the 1/ √ s term becomes dominant in all cases in which the gradient dM/dr takes small or moderate values (eq. (32)). The function Q(r, s) in eq. (32) serves as an approximation for the source in Poisson's equation in the deep MOND limit. In fact, the first term is just a small corrrection to the last term since s → 0. When the first term is neglected, and for dM/dr = 4πr 2 ρ(r), the source takes the compact form
We see here that the 1/ √ s > 1 term amplifies the source in the MOND regime. On the other hand, the function Q(r) in eq. (33) serves as the Newton-Weyl approximation for the source in Poisson's equation. The last term, which is precisely equal to 4πG0ρ(r), is the familiar Newtonian term. Then eq. (33) can be written as
Once again, we are confronted with the Weyl-like term 2a0/r in the source of the potential that cannot be removed from the deep Newtonian limit except in the absence of modified dynamics (a0 = 0).
SUMMARY AND DISCUSSION
Summary
In modified gravity with G(a) varying with acceleration a, the Newtonian differential form of Gauss's law and Poisson's equation are no longer valid ( § 2.3). The variation of G modifies the source term of these equations irrespective of the choice of the mass distribution M ( § 2.4). In this work, we have derived this source term in spherical (r) symmetry and we have found that the modification is introduced by two functions of the surface density M (r)/r 2 that were analyzed in § 3. The main result (eq. (14) or eq. (16)) and the results in special cases in which M = constant or volume density ρ = constant ( § 2.5), or surface density M (r)/r 2 = constant ( § 2.6) are not totally unexpected; in the past, there have been many empirical indications that surface density may play an important role at virtually all astrophysical scales (Larson 1981; Kazanas 1995; Heyer et al. 2009; Donato et al. 2009; Gentile et al. 2009; Lombardi et al. 2010; Ballesteros-Paredes et al. 2012; Milgrom 2016; Traficante et al. 2018) ; but this is the first time that M (r)/r 2 appears explicitly in the equations and independently of any factors other than G(a) gravity; and the same term disappears conveniently from the equations in the pure Newtonian G = constant case.
Discussion
The dimensionless surface density s ∝ M (r)/r 2 persists in the equations of § 2, even in the simple case of a central point-mass M = constant. In this case, the dimensionless value s naturally reduces to 1/x 2 , where x is a dimensionless distance, and this is probably why its influence was not detected in previous studies. Similarly, the classical Newtonian force law aN = G0M (r)/r 2 could have been viewed as stating that aN ∝ s, thereby indicating the influence of the surface density to classical Newtonian dynamics; unfortunately, this relation has not been previously interpreted in this light, probably because acceleration (a mere second derivative in Newtonian calculus) has never been thought of as a fundamental quantity. Below we discuss the influence of surface density on various terms in our results.
Interpreting the last term in equation (14)
Our main result, eq. (14), reveals an important inference of this study. The last term in the equation for Q(r) can be rewritten as G0 a0r 2 dM dr da ds
